We study darning of compact sets (darning and gluing of finite unions of compact sets), which are not thin at any of their points, in a potentialtheoretic framework which may be described, analytically, in terms of harmonic kernels/harmonic functions or, probabilistically, in terms of a diffusion. This is accomplished without leaving our kind of setting so that the procedure can be iterated without any problem. It applies to darning and gluing of compacts in Euclidean spaces (manifolds) of different dimensions, which is of interest pertaining to recent studies on heat kernels.
Bauer diffusions and harmonic kernels
Darning of holes for symmetric Hunt processes by Dirichlet forms has been introduced in [5] and used in [6, 7] . In this paper, we shall study darning of compacts (darning and gluing of finite unions of compacts), which are not thin at any of their points, in a potential-theoretic framework which may be described, analytically, in terms of harmonic kernels/harmonic functions or, probabilistically, in terms of a diffusion. 1 We intend to accomplish this without leaving our kind of setting (for simplicity, we assume that we have a base of regular sets and the constant function 1 is harmonic) so that the procedure can be iterated without any problem. Our construction is of particular interest with regard to recent studies of heat kernels. EXAMPLE 1.1. A basic example to start with is a direct (topological ) sum X of open sets X 1 , . . . , X m , m ∈ AE, where each X j is a subset of some Ê d j , d j ∈ AE, equipped with the classical harmonic structure (Brownian motion) of dimension d j , and K = K 1 ∪ · · · ∪ K m , each K j being a compact (in the simplest case, a ball ) in X j . The aim is to identify K with a single point x 0 and to define a harmonic structure (a diffusion) on the new space such that, restricting on sets away from K, we get what we had there before.
In the following, let X be a locally compact (Hausdorff) space with countable base. Let us state right away that X should also be locally connected; in fact, this is a consequence of (H ′ 4 ) below (see [2, Satz 1.1.10] ). Let U (resp. U c ) denote the family of all open (resp. relatively compact open) sets in X. For V ⊂ U and U ∈ U, let V(U) denote the set of all W ∈ V such that W ⊂ U.
Further, let B denote the set of all Borel sets in X and let M denote the set of all measures on (X, B). For every U ∈ U, let B(U) (resp. C(U)) be the set of all B-measurable (resp. continuous real) functions on U, and let C 0 (U) be the set of all functions in C(U) which tend to zero at ∂U. As usual, given a set F of functions, let F + (resp. F b ) denote the set of all functions in F which are positive (resp. bounded). Sometimes we shall tacitly identify functions on subsets A of X with functions on X taking the value 0 on X \ A.
A kernel on X is a mapping T : X × B → [0, ∞] such that T (x, ·) ∈ M, x ∈ X, and the functions x → T (x, B), B ∈ B, are B-measurable. For every kernel T on X, we define T f (x) := f (y) T (x, dy), whenever f ∈ B(X), x ∈ X, and the integral makes sense. For kernels S, T on X, the kernel ST is defined by (ST )(x, ·) := T (y, ·) S(x, dy), that is,
A kernel T on X is called a boundary kernel for U ∈ U provided T (x, X \ ∂U) = 0 for every x ∈ U and T (x, ·) = ε x (Dirac measure at x) for every x ∈ U c . EXAMPLE 1.2. If X = (Ω, X t , θ t , È
x ) is a diffusion on X (that is, a Hunt process on X with continuous trajectories t → X t (ω)), the exit kernels H U , U ∈ U, given by
where τ U := inf{t ≥ 0 : X t ∈ U c } denotes the exit time of U, are boundary kernels. These kernels are compatible, that is,
A diffusion X on X is called a Bauer diffusion, if there exists a base V for the topology of X such that for all V ∈ V the following holds.
(D 1 ) The set V is relatively compact and p V ∈ C 0 (V ).
(D 2 ) For all z ∈ ∂V and neighborhoods W of z, lim x→z H V (x, W c ) = 0, and
For an analytic discussion we shall consider a Bauer family of harmonic boundary kernels (cf. [3, VIII.1]). For the moment, let us assume we have a base V ⊂ U c for the topology of X and, for every V ∈ V, a boundary kernel H V . Let U ∈ U and let W be a local choice from V in U, that is, a mapping W : x → W(x), x ∈ U, where each W(x) is a fundamental system of neighborhoods W ∈ V(U) of x. Then a lower semicontinuous function u :
for all x ∈ U and W ∈ W(x), and the set of all W-hyperharmonic functions on U is denoted by H * W (U). If W(x) is the set of all W ∈ V(V ) such that x ∈ W , we drop the subscript W and have the set H * (U) of hyperharmonic functions on U. The set of all harmonic functions on U is defined by
Let V ⊂ U c be a base for the topology of X and let H V , V ∈ V, be boundary kernels for V . Then the family (H V ) V ∈V is a normal 2 Bauer family of harmonic boundary kernels on X provided the following holds for every V ∈ V.
Having Corollary 1.7 below it is easily established that (H 4 ) amounts to the Bauer convergence property:
(H ′ 4 ) For every U ∈ U and every bounded sequence (h n ) in H(U) which is increasing, sup h n ∈ H(U).
For a converse of the next result see Theorem 1.9. PROPOSITION 1.5. Let X be Bauer diffusion on X and V ⊂ U c be a base for the topology of X such that the exit kernels
In particular, (H V ) V ∈V is a normal Bauer family of harmonic boundary kernels.
Proof. Clearly, (H 1 ), (H 2 ) and (H 4 ) hold. Let us fix U, V ∈ V such that U ⊂ V . If x ∈ W ∈ V(V ), then, by the strong Markov property,
Therefore p V ∈ H * (V ) and (taking W = U),
(the equality holds trivially for y ∈ V \ U). So, by the strong Markov property,
. Thus (H 3 ) holds and the proof is finished.
In the remaining part of this section we shall present some facts on harmonic kernels and harmonic functions which, in essence, are taken from [2, 3, 10, 11, 12, 13] (the reader, who to some extent is familiar with general potential theory, may directly pass to the next section and return to this section as needed).
The weak separation property (H 3 ) is ideal for capturing examples (if U is an open set in Ê n , W(x) may consist of balls centered at x) and it is strong enough for a minimum principle (Proposition 1.6) which, having (H 1 ) and (H 2 ), implies that, in fact, H * W (U) = H * (U) even for all U ∈ U and all local choices W from V on U (Corollary 1.7).
For the moment, let us only assume that (H V ) V ∈V satisfies (H 1 ) and (H 2 ). Of course, (H V f )| V ∈ H(V ) for every f ∈ C(X) (even for every f ∈ B b (X) provided (H 4 ) holds). PROPOSITION 1.6. Let U ∈ U c and let W be a local choice from V on U.
Suppose that
+ H * W (U) separates the points of U, and let v ∈ H * W (U) such that lim inf x→z v(x) ≥ 0 for every z ∈ ∂U. Then v ≥ 0 on U.
Proof. Immediate consequence of Bauer's general minimum principle (see [1] and V ∈ V(U). There are functions f n ∈ C(V ), n ∈ AE, with f n ↑ u on V as n → ∞. For the moment, let us fix n ∈ AE. By (H 1 ),
for all x ∈ V and W ∈ W(x) with W ⊂ V . Moreover, v n is lower semicontinuous on V and v n = u − f n ≥ 0 on ∂V . Hence v n ≥ 0 on V , by Proposition 1.6. Letting n → ∞ we obtain that u − H V u ≥ 0. So u ∈ H * (U). In particular, + H * (U) separates the points of U. (b) Now let W be an arbitrary local choice from V on U. Trivially H * (U) is contained in H * W (U), and we finally conclude, by (a), that H *
From now on let us suppose that (H 1 ) -(H 4 ) are satisfied. By Corollary 1.7,(ii), we immediately obtain that H := {H(U) : U ∈ U} is a sheaf of continuous functions on X, that is, for every U ∈ U, the set H(U) is a linear subspace of C(U) and the following hold.
(ii) If U = i∈I U i , U i ∈ U, and h ∈ B(U) such that h| U i ∈ H(U i ) for every i ∈ I, then h ∈ H(U).
Moreover, for all U ∈ V and f ∈ C(X), the function H U f is harmonic on U, by (H 1 ) and (H 2 ); by Proposition 1.6, it is the only function which is harmonic on U and equal to f on U c . A set U ∈ U c is called (H-)regular, if every function f ∈ C(∂U) possesses a unique continuous extension H U f ∈ C(U ) which is harmonic on U, and if H U f ≥ 0 for f ≥ 0. Let U r denote the family of all regular sets. By the preceding observation, V ⊂ U r and, for all U ∈ V and f ∈ C(X),
For every U ∈ U r , the mapping f → H U f defines a boundary kernel which, in view of (1.6), may be denoted by H U . By (i), it is trivial that H V H U f = H U f for all U, V ∈ U r with V ⊂ U and f ∈ C(X). Therefore
whenever U, V ∈ U r and V ⊂ U.
If U 1 , U 2 ∈ U c are disjoint and U 1 ∪ U 2 is regular, then obviously both U 1 and U 2 are regular and
A set U ∈ U is called a P-set if + H * (U) separates the points of U (see Proposition 1.8 for the justification of the prefix "P"). By Corollary 1.7, every V ∈ V is a P-set and the sets of functions H * (U) and H(U), U ∈ U, are not changed if we replace V by the family of all regular P-sets.
Clearly, every open subset of a P-set is a P-set. Moreover, every union of two disjoint P-sets is a P-set.
For our darning we need the barrier criterion for regular sets. If V ∈ U c and V is contained in a P-set, then V is regular if (and only if), for every z ∈ ∂V , there exists an open neighborhood W z of z and a strictly positive function s ∈ H * (V ∩W z ) such that lim x→z s(x) = 0 (see [2, Satz 4.3.3] ). In Example 1.2, this means that
In particular, for any P-set W , the intersection of any two regular sets with closure in W is regular. So our pair (X, H) not only satisfies (i), (ii) and the Bauer convergence property holds, but there also exists a baseṼ for U consisting of Hregular sets which is stable under finite intersections, that is, (X, H) is a Bauer space (see [9, §3.1] and [10, 7.1 
]).
It can be shown that, conversely, for any Bauer space (X, H) with 1 ∈ H(X), there exists a base V of regular sets such that the corresponding kernels H V , V ∈ V, form a normal Bauer family of harmonic kernels such that, for every U ∈ U, H(U) is the set of all corresponding harmonic functions on U (cf. [3, Section VIII.1]).
We refer the reader to [3, Section VIII] and [10, Section 7.1] for examples given by
where L is a partial differential operator of second order on an open set X in Ê d . Let U ∈ U. A function s ∈ H * (U) is superharmonic on U if, for every V ∈ V(U), the function H V s is locally bounded on V (and hence, by (H 4 ), is harmonic on V ). Obviously, every locally bounded hyperharmonic function on U is superharmonic. Let S(U) denote the set of all superharmonic functions on U.
A function s ∈ S + (U) is called potential on U if 0 is the largest harmonic minorant of s on U. Let P(U) denote the set of all potentials on U. Every function s ∈ S + (U) admits a unique decomposition s = h + p such that h ∈ H + (U) and p ∈ P(U) (Riesz decomposition). A potential p on U is called strict, if any two measures µ, ν on U coincide provided p dµ = p dν < ∞ and v dµ ≤ v dν for every v ∈ + H * (U). Of course, every strict potential is strictly positive. The following well known equivalences justify our notion of a P-set. PROPOSITION 1.8. For every U ∈ U, the following properties are equivalent.
• U is a P-set (that is, + H * (U) separates the points of U).
• There exists a potential p > 0 on U.
• There exists a strict continuous real potential on U.
If U, V ∈ U and p U ∈ P(U), p V ∈ P(V ), then p U and p V are called compatible,
Finally, let us suppose once more that, in Example 1.2, we have a Bauer diffusion X and a base V such that the exit kernels H V , V ∈ V, satisfy (D 1 ) and (D 2 ). We know, by Proposition 1.5, that (H V ) V ∈V is a normal Bauer family of harmonic boundary kernels. Moreover, we now see that the functions p V ∈ H * (V ) ∩ C 0 (V ), V ∈ V, are potentials which are compatible, since, by (1.4) 
By [11] in combination with [12] , which provides a local characterization of the fine support of continuous real potentials, the following converse holds. THEOREM 1.9. Let (H V ) V ∈V be a normal Bauer family of harmonic kernels on X and let (p V ) V ∈V be a compatible family of strict continuous real potentials (there always is such a family).
Then there exists a unique (Bauer) diffusion X on X such that, for every V ∈ V, the kernel H V is the exit kernel of V and
2 Darning of strongly stable compacts
Let (H V ) V ∈V be a normal Bauer family of harmonic boundary kernels on X (see Definition 1.4). A compact K in X which is contained in a P-set is stable if, for
for an associated diffusion). DEFINITION 2.1. We say that a compact K = ∅ is strongly stable, if it is contained in a P-set W and there exists a strictly positive function h ∈ H(W \ K) which tends to zero at ∂K.
Clearly, every finite union of pairwise disjoint strongly stable compacts is strongly stable. In classical potential theory of Ê
such that the topology of X 0 \ {x 0 } is the topology of X \ K and the neighborhoods of x 0 have the form
where N is a neighborhood of K in X.
Our aim is the construction of a normal Bauer family of harmonic boundary kernels on X 0 containing the kernels H V , V ∈ V(X \ K). We shall then say that it is obtained by darning of K (with {x 0 }). Doing this for a union K of pairwise disjoint stable compacts K 1 , . . . , K m we shall also speak of darning and gluing of K 1 , . . . , K m .
To that end we choose once and for all a regular P-set W 0 with K ⊂ W 0 and (2.1)
Such a set exists. Indeed, let W be a P-set containing K and h ∈ H(W ), h > 0, such that h tends to zero at ∂K. Let us choose an open neighborhood W ′ of K which is relatively compact in W , and define a := inf{h(x) : x ∈ ∂W ′ },
Then both W 0 and W 0 \ K are regular by the barrier criterion (for the points in ∂W 0 consider the function (a/2) − h). Obviously,
The sets A r are regular, since, by the barrier criterion, also the points in S r are regular points of A r , 0 < r < 1. The family of sets
is a fundamental system of open neighborhoods of x 0 such that ∂U r = S r . Given 0 < t < 1 and a probability measure σ on A t , we define
and note that σH At (S t ) = r/t if σ is supported by S r (see (3.2)). Now let us specify the first of our main results (for its proof see Section 3).
THEOREM 2.2. Let σ r be probability measures on S r , 0 < r < 1, and
(1) The following two statements are equivalent.
(a) There exist boundary kernels H Ur , 0 < r < 1, such that (H V ) V ∈V 0 is a normal Bauer family of harmonic boundary kernels on X (with an associated sheaf H 0 of harmonic functions) and (2.2) H Ut (x 0 , ·) = σ t for every 0 < t < 1.
(b) The probability measures σ r are compatible, that is, for all 0 < r < t < 1,
(2) Suppose that (a) in (1) holds. Then, for all 0 < t < 1 and B ∈ B,
The singleton {x 0 } is strongly stable and {x 0 }∪(W 0 \K) is a P-set for (X, H 0 ).
Further, for all open neighborhoods W of x 0 and h ∈ C(W ) which are (H-) harmonic on W \ {x 0 }, the following properties are equivalent:
(b) For every 0 < r < 1 with U r ⊂ W , h dσ r = h(x 0 ).
(c) There exists 0 < r < 1 with U r ⊂ W and h dσ r = h(x 0 ). REMARK 2.3. For the moment, let us consider Example 1.1 and assume that the compacts K 1 , . . . , K m are closed balls having centers x 1 , . . . , x m , respectively. Then it is easy to get compatible probability measures σ r provided W 0 has been chosen to consist of open balls B j in X j which are centered at x j , 1 ≤ j ≤ m. Indeed, then each S r , 0 < r < 1, is a union of spheres S j,r contained in the shells B j \ K j , 1 ≤ j ≤ m. Denoting the normed surface measures on S j,r by σ j,r , it suffices to fix α 1 , . . . , α m ∈ [0, 1] with α 1 + · · · + α m = 1 and to take σ r := α 1 σ 1,r + . . . α m σ m,r , 0 < r < 1.
In the general case, the existence of compatible probability measures σ r on S r , 0 < r < 1, follows from (H 1 ) and the weak compactness of probability measures on a compact set. PROPOSITION 2.4. Let (η n ) be a sequence in (0, 1) which is strictly decreasing to zero. For every n ∈ AE, let ν n be a probability measure on S ηn . Then there exists a subsequence of (ν n k ) of (ν n ) such that, for every 0 < r < 1, the probability measures σ r,k on S r , defined by
converge weakly to a probability measure σ r as k → ∞. The measures σ r , 0 < r < 1, are compatible.
So, by Theorem 2.2, a darning of K is always possible (we could take a Dirac measure on each S ηn ). However, looking at examples, where K is a disjoint union of compacts or contains holes, it is clear that some controlled choice of the measures ν n is necessary to obtain what we really want (see the examples at the beginning of Section 5). Otherwise, it may happen that, for every 0 < r < t < 1, the exit measure H Ur (x 0 , ·) = σ r charges only one of possibly many connected components of A t . However, in an elliptic situation, we would ask for a darning such that the outcome is elliptic as well. And we may even desire some numerical control of the distribution of the measures σ r = H Ur (x 0 , ·) on various parts of S r .
To achieve this, let us first observe that, for every 0 < t < 1, every connected component V of A t has boundary points both in K and in S t . This implies the following.
LEMMA 2.5. Each set A t , 0 < t < 1, has only finitely many connected components.
Proof. Assume on the contrary that we have 0 < t < 1 such that A t has countably many connected components V 1 , V 2 , V 3 , . . . . We may choose points x n ∈ V n such that g(x n ) = t/2. Let (x n k ) be convergent subsequence, x := lim k→∞ x n k . Then g(x) = t/2, and hence x ∈ V n for some n ∈ AE. So there exists k 0 ∈ AE such that, for every k > k 0 , x n k ∈ V n , and hence V n k = V n . A contradiction.
Let C 0 be the family of connected components of W 0 \ K and, for n ∈ AE, let C n denote the family of connected components of A ηn . Obviously,
for all n ∈ AE and V ∈ C n−1 .
We successively choose α V ∈ [0, 1] (if we wish, strictly positive) such that (2.5)
Finally, we fix probability measures ν n on S ηn , n ∈ AE, such that
(which is possible, since the sets V ∩ S ηn are not empty). Before writing down the consequences of these choices, let us recall that (H V ) V ∈V is elliptic if one of the following equivalent statements holds.
• Every harmonic function h ≥ 0 on a connected open set U is identically zero or strictly positive on U.
• Every hyperharmonic function h ≥ 0 on a connected open set U is identically zero or strictly positive on U.
• For all connected regular sets U and x ∈ U, the support of H U (x, ·) is ∂U. THEOREM 2.6. The preceding choices yield compatible probability measures σ r , 0 < r < 1, such that (taking η 0 := 1)
Proof. Let r, n, V be as indicated and let k ∈ AE with η n k < r. By induction, (2.5) and (2.6) imply that ν n k (V ) = α V . By (1.7),
since both A r ∩ V and A r \ V are open sets. The proof is completed letting k → ∞ (the sets S r ∩ V and S r \ V are closed).
Finally, we see that starting with a Bauer diffusion X on X and an arbitrary neighborhood N of the strongly stable compact K, we may construct a darning of K that yields a Bauer diffusion X 0 on X 0 which, outside of N, is equivalent to X. COROLLARY 2.7. Suppose that X is a Bauer diffusion on X, V is a base for the topology of X, and (H V ) V ∈V is a family of exit kernels satisfying (D 1 ) and (D 2 ). As before, let (H V ) V ∈V 0 be a Bauer family of harmonic boundary kernels on X 0 obtained by darning of the strongly stable compact K.
Then, for every 0 < r < 1, there exists a Bauer diffusion X 0 on X 0 such that, for every V ∈ V 0 , H V is the exit kernel for V with respect to X 0 and the restrictions of X and X 0 on X \ (K ∪ A r ) have the same finite-dimensional distributions.
Proof. Let us recall that, for all U ∈ U and p ∈ P(U) ∩ C(U), there exists a unique kernel K p on U such that K p 1 = p and, for every f ∈ B + b (U), f • p := K p f is a potential on U which is harmonic outside the support of f .
In the terminology of [11] , (p V ) V ∈V corresponds to some M ∈ Γ + (X, Q), a section in the sheaf of germs of potentials on X, which is strict. Let ϕ ∈ C(X), 0 ≤ ϕ ≤ 1 on X, ϕ = 0 on K ∪ A r/2 , ϕ = 1 on X \ (K ∪ A 3r/4 ), and let
, and we may consider M ′ as element of Γ + (X 0 , Q 0 ) which vanishes on U r/2 . Further, let q ∈ C(U r ) be a strict potential on U r (with respect to (H V ) V ∈V 0 ), and let M ′′ ∈ Γ + (X 0 , Q 0 ) be the section corresponding to ϕ 0 • q, where ϕ 0 (x 0 ) := 1 and [12] .
By Theorem 1.9, there exists a Bauer diffusion X 0 on X 0 corresponding to M 0 . An application of results in [11] , in particular Theorem 4.16, completes the proof. REMARK 2.8. In Example 1.1 we may achieve that the restrictions of X and X 0 on X \ (K 1 ∪ · · · ∪ K m ) have the same finite-dimensional distributions provided each K j is a closed ball in X j with center x j (we already observed in Remark 2.3 that then a straightforward choice of compatible probability measures σ r , 0 < r < 1, is possible; but this will be of no importance here).
Let 1 ≤ j ≤ m, let V j be the set of all open balls B with B ⊂ X j and let p V , V ∈ V j , be given by the expected exit times for Brownian motion on Ê d j . Further, let W j denote the set of all B ∈ V j with center x j which contain K j . If γ 0 > 0 is sufficiently small, then, for every 0 < γ < γ 0 , there exist W j (γ) ∈ W j such that
The sets
form a fundamental system W 0 of open neighborhoods of x 0 in X 0 and the functions
are continuous strict potentials on W γ . Finally, let
Then an application of Theorem 1.9 and results in [11] yields a Bauer diffusion X 0 on X 0 having the desired properties.
Proof of Theorem 2.2
Let us first note that, for all 0 < t < 1 and x ∈ A t , (3.1)
In particular, for every 0 < r < t and every probability measure σ on S r ,
Proof of Theorem 2.2. For the moment, let us fix h ∈ C(X 0 ) and 0 < t < 1. Then lim x∈At,x→z h(x) = h(x 0 ) for every z ∈ ∂K. So, by (3.1), h| At ∈ H(A t ) if and only if
(1) Let us suppose now that (a) in (1) holds. Let 0 < t < 1, f ∈ C(X) and define h := H Ut f . Then, by (2.2),
Moreover, h| At ∈ H 0 (A t ) = H(A t ), and hence (3.3) holds. Since h = f on S t , this proves (2.4).
Further, let us consider 0 < r < t < 1. By (H 1 ), H Ur h = h, and hence h(x 0 ) = h dσ r , by (2.2). Integrating (3.3) with respect to σ r we obtain that
Thus (2.3) holds. Next let us suppose conversely that (b) holds. For 0 < t < 1, we (have to) define boundary kernels H Ut on X 0 by (2.4) , that is, for all f ∈ B b (X), H Ut f = f on X 0 \U t and
Then H Ut f is harmonic on A t . For every z ∈ ∂K,
and hence H Ut f is continuous at x 0 . Moreover, H At (1 St f ) is continuous on A t and, if f is continuous, tends to f at S t . Therefore H Ut satisfies (H 2 ) and (H 4 ). If 0 < r < t and h := H Ut f , then
Of course, {x 0 } is strongly stable, since g is a strictly positive harmonic function on W 0 \ K and lim x→x 0 g(x) = 0. To prove that U 1 := {x 0 } ∪ (W 0 \ K) is a P-set, and hence (H 3 ) holds, we define a function w 0 on U 1 by w 0 (x 0 ) = 1 and w 0 = 1 − g on W 0 \ K and consider
Of course, w 0 (x 1 ) = w 0 (x 2 ) unless x 1 , x 2 ∈ S r for some 0 < r < 1. So suppose that 0 < r < 1 and x 1 , x 2 ∈ S r . By assumption, W 0 is a P-set for (X, H). Hence there exists a function v ∈ + H * (W 0 ) such that v(x 1 ) = v(x 2 ). Without loss of generality v ≤ r (take a > v(x 1 ) ∧ v(x 2 ) and replace v by r ∧ (rv/a)). Let us define a function w 1 on U 1 by w 1 (x 0 ) := 1 and
. Since w 0 = 1 − r on S r and v ≤ r, we conclude that w 1 (
Finally, to prove the equivalence of (a), (b) and (c) in (2), let W be an open set in X 0 and 0 < t < 1 such that U t ⊂ W . Moreover, let h ∈ C(W ) such that h dσ t = h(x 0 ) and h is harmonic on W \ {x 0 }. Then h(x 0 ) = H Ut h(x 0 ), by (2.2), and both h and H Ut h are harmonic on A t . Therefore H Ut h = h also on A t . In particular, h| Ut = (H Ut h)| Ut ∈ H 0 (U t ). So h ∈ H 0 (W ), by (ii). This shows that (c) implies (a). The implications (a) ⇒ (b) ⇒ (c) are trivial. REMARK 3.1. It is a matter of taste if darning and gluing of pairwise disjoint strongly stable compacts K 1 , . . . , K m is done in one step or if, one at a time, each K j is identified with a (stable) point x j , and then gluing of the m points x 1 , . . . , x m (darning of {x 1 , . . . , x m }) is performed.
Proof of Proposition 2.4
We begin with a simple observation based on (H 1 ). LEMMA 4.1. Let 0 < η < 1 and let ν be any probability measure on S η . Then the measures ν r := (r/η)(νH Ar )| Sr , η < r < 1, are compatible probability measures.
Proof. Let η < r < t < 1. By (3.2), ν r is a probability measure. Since νH Ar is supported by K ∪ S r and K ⊂ A c t , we know that ((νH Ar )| K )H At = (νH Ar )| K , and
Proof of Proposition 2.4. For m ∈ AE, every sequence of probability measures on S ηm contains a weakly convergent subsequence. The measures (η m /η n )(ν n H Aη m )| Sη m , n > m, are probability measures, by Lemma 4.1. So an obvious diagonal procedure yields natural numbers n 1 < n 2 < n 3 < . . . such that, for every m ∈ AE, the measures
weakly converge to a probability measure µ m on S ηm as k → ∞.
Now let us fix 0 < r < t < 1 and m ∈ AE such that η m < r. By Lemma 4.1,
Letting k → ∞ we obtain σ r = (r/η m )(µ m H Ar )| Sr and σ t = (t/r)(σ r H At )| St .
Appendix: Stable and strongly stable sets
It may be instructive to look first at some examples in X := Ê d , d ≥ 3, for the classical case. For n ∈ AE, let
The set
is strongly stable. Taking W 0 := {x ∈ Ê d : |x| < 1} and g := H W 0 \K 1 ∂W 0 the number of connected components of A r = {0 < g < r}, 0 < r < 1, increases to ∞ as r → 0.
For every m ∈ AE,
is (still) strongly stable. However,
is stable, but not strongly stable, since Ê d \ L has infinitely many connected components.
For the heat equation on Ê d × Ê, there are no stable compacts K = ∅ (compacts K are thin at the points (x, t) ∈ K with minimal t). However, this does not mean that our assumptions only hold in the elliptic case. Proof. We may assume without loss of generality that V is a connected regular set and there exists a strict potential p ∈ C 0 (V ). Let ϕ ∈ C(V ) with compact support L in V such that ϕ(x) > 0. Then q := ϕ•p ∈ C 0 (V ), q > 0, and q is harmonic on V \L. Let 0 < α < inf q(L) and define K := {x ∈ V : q(x) > α}, h := 1 V \K (α − q). PROPOSITION 5.4. Let K be a stable compact in a P-set W . Then K is strongly stable if and only if K has at most finitely many holes, that is, there are only finitely many connected components V of W \ K which are relatively compact in W (orequivalently -have a compact closure in X with ∂V ⊂ K).
Proof. Suppose first that K has at most finitely many holes and let W ′ be obtained from W omitting one point from each hole. By Corollary 5.3, there is a regular neighborhood U of K in W ′ . Then ∂U intersects every connected component of X \ K. Hence h := H U \K 1 is strictly positive on U \ K (and tends to zero at ∂K).
The converse follows by the same argument as in the proof of Lemma 2.5.
